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ABSTRACT

The algorithms used in the construction of a semi-analytical
propagator for the long-term propagation of Highly Ellipti-
cal Orbits (HEO) are described. The software propagates
mean elements and include the main gravitational and non-
gravitational effects that may affect common HEO orbits, as,
for instance, geostationary transfer orbits or Molniya orbits.

Index Terms— HEO, Geopotential, third-body perturba-
tion, tesseral resonances, SRP, atmospheric drag, mean ele-
ments, semi-analytic propagation

1. INTRODUCTION

A semi-analytical orbit propagator to study the long-term evo-
lution of spacecraft in Highly Elliptical Orbits is presented.
The perturbation model taken into account includes the grav-
itational effects produced by the first nine zonal harmonics
and the main tesseral harmonics affecting to the 2:1 reso-
nance, which has an impact on Molniya orbit-types, of Earth’s
gravitational potential, the mass-point approximation for third
body perturbations, which only include the Legendre polyno-
mial of second order for the sun and the polynomials from
second order to sixth order for the moon, solar radiation pres-
sure and atmospheric drag. Hamiltonian formalism is used to
model the forces of gravitational nature so as to avoid time-
dependence issues the problem is formulated in the extended
phase space. The solar radiation pressure and the atmospheric
drag are added as generalized forces. The semi-analytical the-
ory is developed using perturbation techniques based on Lie
transforms. Deprit’s perturbation algorithm is applied up to
the second order of the second zonal harmonics, Js, includ-
ing Kozay-type terms in the mean elements Hamiltonian to
get “centered” elements. The transformation is developed in
closed-form of the eccentricity except for tesseral resonances
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and the coupling between Jo and moon’s disturbing effects
are neglected. The paper outlines the semi-analytical theory.

2. DYNAMICS OF A SPACECRAFT IN HEO

Satellites in earth’s orbits are affected by a variety of perturba-
tions of a diverse nature. A full account of this can be found
in textbooks on orbital mechanics like [1]. All known per-
turbations must be taken into account in orbit determination
problems. But for orbit prediction the accuracy requirements
are notably relaxed, and hence some of the disturbing effects
may be considered of higher order in the perturbation model.

Furthermore, for the purpose of long-term predictions it
is customary to ignore short-period effects, which occur on
time-scales comparable to the orbital period. Thus, in the case
of the gravitational potential the focus is on the effect of even-
degree zonal harmonics, which are known to cause secular
effects. Odd-degree zonal harmonics may also be important
because they originate long-period effects, whereas the effects
of tesseral harmonics in general average out to zero. The lat-
ter, however, can have an important effect in resonant orbits,
as in the case of geostationary satellites (1 to 1 resonance) or
GPS and Molniya orbits (2 to 1 resonance).

The importance of each perturbation acting on an earth’s
satellite depends on the orbit’s characteristics, and fundamen-
tally on the altitude of the satellite, but also on its mean mo-
tion. Thus, for instance the atmospheric drag, which can have
an important impact in the lower orbits, may be taken as a
higher order effect for altitudes above, say, 800 km over the
earth’s surface, and is almost negligible above 2000 km.

A sketch of the order of different perturbations when com-
pared to the Keplerian attraction is presented in Fig. 1 based
on approximate formulas borrowed from [1, p. 114]. As il-
lustrated in the figure, the non-centralities of the Geopotential
have the most important effect in those parts of the orbit that
are below the geosynchronous distance, where the J, contri-
bution is a first order effect and other harmonics cause second
order effects. To the contrary, in those parts of the orbit that
are farther than the geosynchronous distance the gravitational
pull of the moon is the most important perturbation, whereas



that of the sun is of second order when compared to the dis-
turbing effect of the moon, and perturbations due to Jo and
solar radiation pressure (SRP) are of third order.
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Fig. 1. Perturbation order relative to the Keplerian attraction.

Finally, we recall that integration of osculating elements
is properly done only in the True of Date system [2]. For this
reason Chapront’s solar and lunar ephemeris are used [3, 4],
which are directly referred to the mean of date thus including
the effect of equinoctial precession.

In the case of a highly elliptic orbit (HEO) the distance
of the satellite to the earth’s center of mass varies notably
along the orbit, a fact that makes particularly difficult to es-
tablish the main perturbation over which to set up the correct
perturbation arrangement. This issue is aggravated by the im-
portance of the gravitational pull of the moon on high altitude
orbits, which requires taking higher degrees of the Legendre
polynomial expansion of the third-body disturbing function
into account. Since this expansion converges slowly, the size
of the multivariate Fourier series representing the moon per-
turbation will soon grow enormously. Besides, for operational
reasons, different HEOs may be synchronized with the earth
rotation, and hence, being notably affected by resonance ef-
fects. Also, a HEO satellite will spend most of the time in the
apogee region, where the solar radiation pressure may have
an observable effect in the long-term, yet depending on the
physical characteristics of the satellite. Finally, the perigee
of usual geostationary transfer orbits (GTO) will enter repeat-
edly the atmosphere, although only for short periods.

Therefore, a long-term orbit propagator for HEO aiming
at describing at least qualitatively the orbit evolution must
consider the following perturbations:

o the effects of the main zonal harmonics of the Geopo-
tential as well as second order effects of .J;

o tesseral effects for the most common resonances. In
particular, the 2:1 affecting Molnya orbits, or super syn-
chronous resonances affecting space telescope orbits;

e lunisolar perturbations in the mass-point approxima-

tion, including at least the effects of the first few terms
of the Legendre polynomials expansion of the third-
body perturbation for the moon, and at least the effect
of the polynomial of the second degree for the sun;

e solar radiation pressure effects;

e and the circularizing effects of atmospheric drag affect-
ing the orbit semi-major axis and eccentricity.

In what respects to the ephemeris of the sun and moon
needed for evaluating the corresponding disturbing poten-
tials, the precision provided by simplified analytical formulas
should be enough under the accuracy of a perturbation theory.
For this reason truncated series from [5] of Chapront’s solar
and lunar ephemeris are enough at the precision of the mean
elements propagation and notably speed the computations.

3. HAMILTONIAN ARRANGEMENT

The averaged Hamiltonian is constructed by the Lie trans-
forms technique [6], including the time dependence in the so-
lution of the homological equation.

Thus, the Hamiltonian is arranged as a power series in a
small parameter ¢, viz. H = ) (€™ /m!)H, o0, with

Ho,o = —4/(2a)
Hio = —(1/r)(Re/1)*Ca0 Pa(sin @)

1
57{2,0 = —(u/r) Z(R®/T)m m,0Pm (sin) +T +Vi+ Vo

m>2

where p is the earth’s gravitational parameter, (r,p, A) are
spherical coordinates and a is the semi-major axis of the satel-
lite’s orbit, Ry is the earth’s equatorial radius, P, are Leg-
endre polynomials, and C, o are zonal harmonic coefficients.
The tesseral disturbing function is

RY & : ,
T = —g T—f mem (sin ©)[Chy.r cOS NAFSy, 1, SINMA]

m>2 n=1

in which P,, ,, are associated Legendre polynomials while
Cp,m and Sy, ,,, m # 0, are non-zonal harmonic coefficients.
Under the assumption of point masses,

Ve = —(us/r0) (ri/llr = mil| = v v /r2) (D)

where V, =V for the moon, and V, = Vg, in the case of the
sun. The disturbing body is far away from the perturbed body
when dealing with perturbed Keplerian motion. Then Eq. (1)
can be expanded in power series of the ratio 7 /r,

(n2a2/r,) Z (r/re)" Pp(cos ),  (2)

m>2

V=

where = m,./(m, +m) and

cos Py = (xxx + Yys + 224)/(r74) 3)



The semi-analytic theory only considers P in Eq. (2) for
the sun potential, whereas P,—Ps are taken for the moon.

The Lie transforms averaging is only developed up to the
second order in the small parameter, so there is no coupling
between the different terms of the disturbing function. Hence,
the generating function of the averaged Hamiltonian can be
split into different terms which are simply added at the end.

3.1. Time dependency

Orbits with large semi-major axis will experience high pertur-
bations from the moon’s gravity, and may be better described
under the three-body problem model. However, since our ap-
proach is based on perturbed Keplerian motion, we still take
as the zero order Hamiltonian the Keplerian term.

Because the sun and moon ephemeris are known func-
tions of time, the perturbed problem remains of three degrees
of freedom, but the Lie derivative must take the time depen-
dency into account, viz. Lo(W) = {Hoo; W} + OW/0t =
noW/ol + oW/ ot.

Dealing explicitly with time can be avoided by moving
to the extended phase space. Then, assuming that the semi-
major axis, eccentricity, and inclination of the third-body or-
bits, remain constant

ow ow ow . oW ow

Lo=n—F — g = — -
0 " ol +n(‘ 86(‘ +g(| 5g(| + ( 8h(‘ +n®3€@

+ ...

which, in view of the period of the lunar perigee of 8.85 years
(direct motion) and of the lunar node of 18.6 years (retrograde
motion), can be safely approximated by

Lo~ndW/ol+ n<|8W/6€(‘ + nedW/olg “)

Note, however, that in the present stage, the theory only deals
with mean elements and corresponding homological equa-
tions does not need to be solved. Future versions of the theory
may take the short-period corrections due to third-body per-
turbations into account.

3.2. Third body direction

For the semi-analytic theory, the time dependency will man-
ifest only in the short-period corrections, which are derived
from the generating function Y. In view of the form of the
Lie derivative in Eq. (4), the directions of both the sun and
the moon must be expressed as functions of the sun and moon
mean anomaly, respectively. For the sun, we use

ro = Ri(—¢) R3(— o) R2(Be) (10,0,0)" (5)

where 7 means transposition, € is the mean obliquity of the
ecliptic, and rg, is the radius of the sun, and (g and Ay are
the ecliptic latitude and longitude of the sun, respectively. The
sun’s latitude can be neglected in view of it never exceeds 1.2
arc seconds when referred to the ecliptic of the date.

In the case of the moon, because the lunar inclination to
the equator is not constant, the orbit is rather referred to the
mean equator and equinox of the date by means of

r( = Ri(—¢) R3(—Q) R1(—J) R3(—0¢) (r(,0,0)"

where 0 is the argument of the latitude of the moon, J ~
5215 is the inclination of the moon orbit over the eclip-
tic, which is affected of periodic oscillations whose period
slightly shorter than half a year because the retrograde motion
of the moon’s line of nodes, and Q(‘ is the longitude of the
ascending node of the moon orbit with respect to the ecliptic
measured from the mean equinox of date. Solar and lunar
ephemerides are taken from the low precision formulas in [5].

Besides, for orbital applications, instead of using spheri-
cal coordinates the satellite’s radius vector is expressed in or-
bital elements; This can be done by first replacing the spheri-
cal coordinates by Cartesian ones: sing = z/r, sin A = y/q,
cos A = x/p, where ¢ = /22 4 y2. Then, the orbital and
inertial frame are related by means of simple rotations R;(«):

(z,y,2)" = R3(=Q) R1(=1) R3(—0) (r,0,0)"  (6)
where 0 = f+w,r =p/(1+ecos f),and (a,e,I,Q,w, M)

are traditional orbital elements.

4. AVERAGING ZONAL TERMS

The zonal part of the Hamiltonian is first transformed. Be-
cause of the actual values of the zonal coefficients of the earth,
the old Hamiltonian is arranged in the form

Ho.o —u/(2a) 7

Hio = —(u/r) (R@/r)2 C2,0Ps(sin I sin 6) (8)

Hao = —2(u/7) Z (R@/T)2 CinoPm(sinIsin®) (9)
m>2

where all the symbols, viz. a, r, I, and 6, are assumed to
be functions of some set of canonical variables. In particular,
the averaging is carried out based on the canonical set of De-
launay variables, which is made of the coordinates ¢ = M,
g = w, h = , and their conjugate momenta L = ,/ua,
G = Ln, H = G cos I, respectively. These variables are the
action-angle variables of the Keplerian motion. B

The homological equation is —n(OW,, /) + Hom =
Ho,m, and hence terms of the generating function are com-
puted from quadratures.

4.1. Elimination of the parallax

It is known that the removal of short-period terms from the
Hamiltonian is facilitated to a large extent by a preprocess-
ing of the original Hamiltonian in order to remove parallactic
terms [7]. That is, by first applying the parallactic identity

1 1 1 1 (1+ecosf)ym2

7‘77_” = errm_Q = 7"72 pm_2 5 m > 27 (10)




and then selecting Hy ,,, by removing all the trigonometric
terms of the expansion of H,, o as a Fourier series that ex-
plicitly contain the true anomaly [8, 9].

The 1st step of Deprit’s recurrence is Ho,1 = H1,0, where

Hio= CQ7O(R@/T)2TL2P2/(87']6){(4 —65%)(1 4 ecos f)

+3 [ecos(f + 2w) + 2cos(2f + 2w) + e cos(3f + 2w)] s>}

Then, the new Hamiltonian term H, ; is selected as

Ho1 = Cao(Re/r)*n’p*(1/1°)(1/4) (2 -35%) (1)

and the generating function term W; must be solved from the

homological equation —n(0W; /Of) + 7-70,1 = Ho,1. That s,

Wy = (1/”)/{02 o(Re/r)*n?p /(81°) (12)

X [ (4 - 652) ecos f + s° Z JE1 jcos(jf + 20.))} }dé

7j=1,3

in which E171 = 36, E172 = 3, E173 = e. Equation (12) is
solved in closed form by recalling the differential relation

(r/p)*n’df, (13)

based on the preservation of the angular momentum of the
Keplerian motion. We get

dM =

Wy =

91(4—6s2)esin f+s ZEljsm jf+2w)}

8 =

where k is an arbitrary function independent of ¢.

To avoid the appearance of hidden long-period terms in
W1, k is chosen to guarantee that 5 0% W1 dM = 0. Using,
again, Eq. (13) to compute the quadrature, we get
k= (1/8)nR%C20n (14 2n)(1 —n)(1 +n)~'s®sin 2w.

Therefore, calling E1 9 = (14 2n)(1 —n)/(1 +n)

Ca0
Wy =nR% > 8 5 {(4 6s2)esin f+s° ZEUsm (G f+2w)

7=0,3

Atorder 2, Deprit’s recurrence gives: Ho.o = {Ho,1, W1+

H171, and 7‘[171 = {7‘[0_]0, WQ} + {7'[1,0, Wl} + 7‘[270. There-
fore, the homological equation is —n(0Ws/d¢) + ﬁo,g =
7'[072, where ’Ho’g = {7‘[071, Wl} + {HLQ, Wl} + 7‘[2,0.
After performing the ~required operations, parallqgtic
terms are removed from Hg o using Eq. (10). Then, Ho
is written in the form of a Poisson series, and H 2 is chosen

by removing the trigonometric terms of o o that explicitly
depend on the true anomaly, to give:

> -

1=3,10

Ho.2 = 2(u/p)(p/7)? (1/p)(p/r)*C3 o(Ra/p)*

5 21, 21, 3( ) 4) )
X{4 g% T16° T\ 73
1 2
7%[75 §32 (47532) 1 :|6282C082w}
sl2 1 (1+17)2
with
Ri Li/QJ_l
JP=Cio—2 Y € Quus'Biyimexplilw)  (14)
j=0

where [ = 2j + m, | | notes an integer division, m = ¢ mod
2, and i = (—1)'/2. The eccentricity polynomials Q; ; and
inclination polynomials B; ; are given in Tables 1, 2, and 3,
respectively. Note that Eq. (14) applies also to ¢ = 2; indeed
Ho,1 = (1/p)(p/r)*J5.

Finally, the simplified Hamiltonian is obtained by replac-
ing the old variables by the new ones in all the Hy ,, terms.
That is, the new Hamiltonian is obtained by assuming that all
symbols that appear in the H, ,, terms are functions of the
new (prime) Delaunay variables.

4.2. Delaunay normalization

After the preparatory simplification, it is trivial to remove the
remaining short-period terms from the simplified Hamilto-
nian H' = Y (™ /m!)H;, o, where Hj, , is the same as H o,
H1 o is the same as Ho 1 in Eq. (11), and, H5  is the same as
Ho,2, but all of them expressed in the new, prime variables.

The new Hamiltonian term Hj, ; is chosen by removing
the short-period terms from 7] , namely

Rég 1 34
Czop277 <2—45>

27
, 1

= — ! dM =
01= 5o 1,0

0

which was trivially solved using Eq. (13).

The first term of the new generating function is solved by

quadrature from the homological equation from which
! 1 / / 2.3 _ ¢ /

Wy = o {_ Ho 0+ /HI,O(T/p) Ui df} = ﬁHo,u
where ¢ = f — M is the equation of the center. Since ¢ is
made only of short-period terms, there is no need of introduc-
ing additional integration constants.

At the second ordg, the computable terms of the homo-
logical equation are Hg, = {Hp, Wi} + {H) o0, Wi} +
H5 o, from which expression the new Hamiltonian term 7, ,
is chosen by removing the short-period terms.

After performed the required operations and replac-
ing prime variables by new, double prime variables in all
the Hj ,,, terms, we get the averaged Hamiltonian H" =

+ (1/2)Hg o, viz.

//NSZJ*

1=2,10

302 o(Ra/p)*(3/16) (15)



1 17
_e2 (L2 AU\ 2 a2y2
x{(l 5¢%)e <3—|—s 88)6 (1 —3c¢%)

1 5 2 (1=5)n%] 5 -
X§’I’)— |:4(1—7C )— W e"s COS2W},

5. THIRD-BODY AVERAGING
Now, the perturbation Hamiltonian is arranged

Ho,o = —1/(2a), Hio0=0, Hao =2V +2Vg
where the sun and moon potentials are computed from Eq. (2).

Since the maximum power of x in Py, () is x™, in view
of Egs. (2) and (3), we check that the satellite’s radius 7 ap-
pears now in numerators, contrary to the geopotential case.
Therefore, the closed form theory is approached now using
the eccentric anomaly w instead of the true one f. Hence,
r = a(1 — ecosu), and the Cartesian coordinates of the satel-
lite are obtained from Eq. (6) using the known relations on the
ellipse: rsin f = ansinu, r cos f = a(cosu — e).

Because H1,0 = 0 we choose Ho 1 = 0 and trivially find
W1 = 0. Then, the second order of the homological equation
is Lo(Wa2) + Ho,2 = Ho,2, where, from Deprit’s recurrence,
7-70,2 = Hso. The new Hamiltonian term #, o is chosen
by removing the short-period terms in Hg . Again, this is
done by closed-form averaging Ho,2 = 5= fOZTr Hao(r/a)du
where we used the differential relation

dM = (1 — ecosu)du = (r/a) du (16)

which is obtained from Kepler equation.
The averaging produces the long-term Hamiltonian [10]

2% (an /1) (na/n)* Y (a/r)™ 2 Ty

m>2

Ho,2 = 2(na)

with the non-dimensional coefficients

Lm/2]
r, = Z A j Z P ji (S5, cosa+ Ty, sina)

l=—m
a7
where o = (25 + k)w + €, and k = mmod 2.

The eccentricity coefficients A,, ;(e), the inclination
ones P, ;;(i), and the third-body direction coefficients
T, (u,v,w), Sy (u,v,w), are given in Tables 4, 5-9, and
10, respectively. They are valid for both the moon (x = ()
and the sun (x = ©) by using, when required, the proper
third-body direction vector (u, v, w) = (u*, v*, w*).

6. TESSERAL RESONANCES

The tesseral potential is no longer symmetric with respect
to the earth’s rotation axis. Therefore, longitude dependent
terms will explicitly depend on time in the inertial frame. To

avoid the explicit appearance of time in the Hamiltonian, we
move to a rotating frame with the same frequency as the ro-
tation of the earth. The argument of the node in the rotating
frame is h = ) — ng t, where ng, is the earth’s rotation rate,
and, to preserve the Hamiltonian character, we further intro-
duce the Coriolis term —ng H. It is then simple to check that
H = O cos I still remains as the conjugate momentum to 5.
Thus, the tesseral Hamiltonian is arranged as

Hoo = —p/(2a) —ngOcosl, Hio=0, Hoo=2T,

where, now, Hyo is the Keplerian in the rotating frame.
Hence, the Lie derivative reads {Ho,o; W} = —noW /0¢ +
ngOW /Oh, and the solution of the homological equation
will introduce denominators of the type (in — jng), with
1 and j integer. Therefore, resonances between the rotation
rate of the node in the rotating frame and mean motion of the
satellite i/j = ng /n introduce the problem of small divisors.

In fact, resonant tesseral terms introduce long-period
terms in the semi-major axis that may be not negligible even
at the limited precision of a long-term propagation. There-
fore, these terms must remain in the long-term Hamiltonian.
Furthermore, these terms must be traced directly in the mean,
contrary to true, anomaly to avoid leaving short-period terms
in the Hamiltonian, which will destroy the performance of the
semi-analytical integration. Therefore, trigonometric func-
tions of the true or the eccentric anomaly must be expanded
as Fourier series in the mean anomaly whose coefficients are
power series in the eccentricity.

After the short-period terms have been removed from the
tesseral Hamiltonian, we come back to the inertial frame by
dropping the Coriolis term and replacing / by the RAAN, in
this way explicitly showing the time into resonant terms of
the long-term Hamiltonian.

From Kaula expansions [11], we find that the main terms
of the Geopotential that are affected by the 2:1 tesseral reso-
nance are Ro.1 = —(u/a)(Rg/a)?(3/4) Ra.1, with

Ry = F2,270G2,07_1 [0272 COS(Oé + 2w) + 52,2 SiD(Oé + 2&))}
+F2’2’1G2’1’1 (02’2 cos o + 52’2 sin a)
+F272’2G272’3 [CQ,Q COS(O[ + 2w) + SQ’Q SiIl(Oz - 2w)]
where o = 2(2 — ngt) + M is the resonant angle,
Fooo=(14¢) Foan =25

and, up to O(e'f),

Fyoo=(1-c)? (18)
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Other 2:1-resonant terms can be found in [12]. For the 1:1
resonance, R1.1 = —(u/a)(Rg/a)?(3/4)R1.1, with

Ry = [Ca,2 cos(2c + 2w) + S 2 sin(2a + 2w)] Fo 2.0
XGa,0,0 + [Ca,2 cos 2ac + S 2 sin 2ar] Fa 2 1G2.1 2
+F51,0G2,0,—1[Co,1sin(a + 2w) — Sz 1 cos(a + 2w)]
+F511G21,1 (Cosina — Sy 1 cos o)
+F512G22,3[—S521 cos(a — 2w) + Ca 1 sin(a — 2w)]

where now a = QQ — ngt + M.

For the earth, Co; = O(1071%) and S3; = O(1079);
hence corresponding terms are commonly neglected from the
resonant tesseral potential R1x;. Therefore, the needed in-
clination polynomials are only F5 5 ¢ and F5 5 1, which were
already given in Eq. (18), whereas the required eccentricity
functions, up to O(e'®), are

5., 13 35 5 49
G _ .22 194 9 6 9 g % 0
2,0,0 5 T 16 " 288° T 56°  3600°
87125 4, TI6T869 . 5345003 g
331776 812851200 650280960
9., 7, 141 . 197 . 62401
G _ 22, a4, =6 ~20 8 PDeEUC 10
212 = g€t et e T 50 T a3040°
262841 ,, 9010761 ,, 8142135359
89600 2867200 2438553600

7. GENERALIZED FORCES

The evolution equations are completed adding the averaged
effects of the generalized forces to the Hamilton equations.

7.1. SRP

In the cannonball approximation, the perturbing acceleration
caused by solar-radiation pressure, is always in the opposite
direction of the unit vector of the sun oigp = —Fypie. If,
besides, it is assumed that the parallax of the sun is negli-
gible, the solar flux is constant along the orbit of the satel-
lite, and there is no re-radiation from the earth’s surface [13],
then Fyp = (14 B8)Ps (ap/re)?(A/m) where 3 is the in-
dex of reflection (0 < 8 < 1), A/m is the area-to-mass ra-
tio of the spacecraft, ac is the semi-major axis of the sun’s
orbit around earth, rq is the radius of the sun, and Py ~
4.56 x 1076 N/m2 is the SRP constant at one AU [1, p. 77].
The components of % in the radial, tangent, and normal
directions, respectively, are obtained by simple rotations

io = R3(0) Ri(I) R3(2) Ri(—¢) R3(—Ao) (1,0,0)7

where \g is the ecliptic longitude of the sun, and ¢ is the
obliquity of the ecliptic.

Then, calling F = —Fg,,/u, Kozai’s analytical expres-
sions for perturbations due to SRP [13] are easily recov-
ered from the usual Gauss equations. After averaging over
the mean anomaly, which is done in closed form based on
Eq. (16), we get da/dt = 0, and

d
dj = (3/4)na®Fn{sinw[(cose — 1) cos(Ap + )
—(cose + 1) cos(Ag — Q)] + cosw[2ssine
X sin Ag + ¢(cose + 1) sin(Ag — Q)
+c(cose — 1) sin(Ag + Q)] }
dr
il (3/4)na®(e/n)F cosw[s(cose + 1) sin(Ag — )
—2csinesin Ag + s(cose — 1) sin(Ag + )]
dQ 3 el . .
- = Ena25§F sinw[s(cose + 1) sin(Ag — )
—2csinesin Ag + s(cose — 1) sin(Ag + )]
dw 3 S F . .
T = 1 %{ sinw((cose + 1) sin(Ag — Q)
xc+2(s—e?/s)sinesin Ag + c(cose — 1)
x sin(Ag + Q)] +n? cosw|(cose + 1)
x cos(Ag — Q) + (1 — cose) cos(Ag + Q)] }
dM 3 ,e?+1
el n—i—ina c F{sinw[c(cose + 1)

x sin(Ag — Q) + ¢(cose — 1) sin(Ag + )
+2ssinesinAg | + cosw|(cose + 1)
x cos(Ag — Q) + (1 — cose) cos(Ag + Q)] }

7.2. Atmospheric drag: Averaged effects

Predicting the atmospheric behavior for the accurate evalua-
tion of drag effects seems naive for the long-term scales of in-
terest in this study. However, the atmospheric drag may domi-
nate over all other perturbations in the case of orbits with low
perigee heights, even to the extent of forcing the satellite’s
de-orbit.

The magnitude of the drag force depends on the local den-
sity of the atmosphere p and the cross-sectional area A of the
spacecraft in the direction of motion. The drag force per unit
of mass m iS aarag = f%ndv, where V' is velocity of the
spacecraft relative to the atmosphere, of modulus V', we ab-
breviated

ng = pBV >0, (19)

and B = (A/m)Caqrag, is the so-called ballistic coefficient,
with the dimensionless drag coefficient Cy;ay ranging from
1.5-3.0 for a typical satellite. Note that nq = nq(t).

A reasonable approximation of the relative velocity is
obtained with the assumption that the atmosphere co-rotates
with the earth. Then, from the derivative of a vector in a
rotating frame, we get V' = (dr/dt) — wg X r. We further



take wg = ngk, and compute its projections in the radial,
normal, and bi-normal directions as

we = R3(0) k(1) (0,0,ne)"

Then, the velocity components in the radial, normal, and
bi-normal direction relative to a rotating atmosphere are

V =(R,0/r,0)" +rng (0,—cosI,cosfsin)”

where R = i+ = (©/p)esin f, and © = r20 = , /jip.

Models giving the atmospheric density are usually com-
plex. Furthermore, since it depends on the solar flux which is
not easily predictable, reliable predictions of the drag effect
are not expected for long-term propagation. Hence, the aim is
to show the effect that the atmospheric drag might have in the
orbit, as opposite from a drag-free mode. Therefore, to speed
evaluation of the semi-analytical propagator, we take advan-
tage of the simplicity of the Harris-Priester density model,
which is implemented with the modifications of [14].

Replacing agrag into Gauss planetary equations, the long-
term effects are computed after averaging the equations over
the mean anomaly, viz.

da a 1 [ n
de_ 9 142 2—ﬁ3) M
T 77227T/0nd( +2ecos f+e e d

de 1 [ € . o

= - . s f — — i —e— M
T o Ond[&(e—&—coaf 2sm f) e cosf}d
a7 27

g = —lsi nq d cos 0 dM

dQ 11 [

—_— = - dsinf cos @ dM

gr 227 nq 0 sin 0 cos

dw dQ 1 [*™ng . e
AT TR “sin f 1= de (14 S eos ) [
dM

1 [ er
— — ——sin fdM
& n—|—27T/0 ndnasmf

1 27
+—/ ndﬂsinf[1—60(1+Ecosf)}dM
27 0 e 2

where the known relation sinu = (r/p)nsin f in Eq. (20),
and the abbreviation § = (ng /n)(r/p)*n> have been used.

Both the relative velocity with respect to the rotating at-
mosphere V, and the atmospheric density p are naturally ex-
pressed as a function of the true anomaly [14], then it happens
that ng = nq(f) from the definition of nq in Eq. (19). Hence,
the quadratures above are conveniently integrated in f rather
than in M using the differential relation in Eq. (13). Besides,
due to the complex representation of the atmospheric density,
these quadratures are evaluated numerically.

8. CONCLUSIONS

HEO propagation is a challenging problem because the differ-
ent causes that have an effect in these kinds of orbits, whose

relative influence may notably vary along the orbit. However,
modern tools and methods allow to approach the problem by
means of analytical methods. Indeed, using perturbation the-
ory we succeeded in the implementation of a fast and efficient
semi-analytical propagator which is able to capture the main
frequencies of the HEO orbital motion over large spans. In
particular, we used the Lie transforms method, which is stan-
dard these days in the construction of perturbation theories.
This method is specifically designed for automatic computa-
tion by machine, and can be easily programmed with modern,
commercial, general purpose software.
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Table 1. Eccentricity polynomials @, x in Eq. (14).
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Table 2. Even inclination polynomials By, 2, in Eq. (14).
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Table 3. Odd inclination polynomials By, 41,251 in Eq. (14).
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Table 8. Inclination polynomials P ;; in Eq. (17) (x = ¢ £ 1).
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Table 9. Inclination polynomials Fs ;; in Eq. (17) (x = ¢ £ 1).
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Table 10. Third-body direction polynomials in Eq. (17); u = «* /r*, v = y*/r*, w = z* /r*.
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