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@ WORHP

m Solver for large-scale nonlinear optimization

m Interfaces for C, C4++, Fortran, AMPL, ...

m Free for academics, www.worhp.de

m Method!: Sequential Quadratic Programming (SQP)

!Recently: New penalty interior point method, developed by Renke Kuhlmann
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Sequential Quadratic Programming
NLP:

xne]]llg” f(X)

st. g<gx)<zg
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Sequential Quadratic Programming

NLP: QP:
. S [T
min f(x) min 2d H™d + V f(x1") d
st. g<gx)<zg st. g< g(x") + ng(x[k])Td <z

> Approximate NLP with
a QP in each iteration
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Sequential Quadratic Programming

NLP: QP:
. S [T
min f(x) min 2d H™d + V f(x1") d
st. g<gx)<zg st. g< g(x") + ng(x[k])Td <z

> Approximate NLP with
a QP in each iteration

» Use direction d to get
new iterate

xtkttl .= K 4 ¢
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Sequential Quadratic Programming

NLP: QP:
N T
. 24T HIK F(x K]
min f(x) min, 2d d+ Vf(x") d
st. g<gx)<g st. g< g(xIM + ng(x[k])Td <g

> Approximate NLP with
a QP in each iteration

» Use direction d to get
new iterate

P R
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Sequential Quadratic Programming

Line Search SQP Methods

> Need to solve a QP in every iteration

Inequality constrained QPs: Solution not trivial

Common Solution Methods

m Active-Set Methods

m Interior Point Methods
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Optimal Control

QPSOL

m WORHP uses Fortran code QPSOL to solve the subproblems

m Mehrotra's predictor-corrector variant of a primal-dual interior
point method
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OZGptlmlzatlon &
Solving the Quadratic Program

Optimal Control

QPSOL

m WORHP uses Fortran code QPSOL to solve the subproblems

m Mehrotra's predictor-corrector variant of a primal-dual interior
point method

m Experience from using WORHP in many areas
m Development of new features
m Code refactoring
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L et O Gt
Solving the Quadratic Program

QPSOL

m WORHP uses Fortran code QPSOL to solve the subproblems

m Mehrotra's predictor-corrector variant of a primal-dual interior
point method

m Experience from using WORHP in many areas
m Development of new features

m Code refactoring
» Interest in reworked QP solver » “WORHP QP" (C++)
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L e O Camtest
Interior Point Method

QP in Standard Form Optimality Conditions

1 T, ., _
min fxTQx—i—ch Qe Ay —2=U

xeR” 2 Ax—b=0
st. Ax=b, x>0 ZXe =0
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L e O Camtest
Interior Point Method

QP in Standard Form Optimality Conditions

1 4 Ty —z=
min  =x' Qx +c'x — /LZIog(x,-) epaqay 2=0
x€Rm 2 Py Ax—b=0

st. Ax=b, x>0 ZXe — pe=20

m Perturb problem with barrier parameter p
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Interior Point Method

QP in Standard Form Optimality Conditions
N T & Qx+c+ATy—z=0
min  —x Qx+c x — py log(x;
xe€Rn 2 ; Ca) Ax—b=0
st. Ax=b, x>0 ZXe — pe=20

m Perturb problem with barrier parameter p
m Apply Newton's method

Q AT 0 Ax Qx+c+ATy—z
A 0 O Ay | =— Ax — b
Z 0 X Az ZXe — e

SQP Approach Solving QPs QP Formulation Results 7/19

@ Universitat Bremen

«ABF>r «E)»


http://www.math.uni-bremen.de/zetem
http://www.math.uni-bremen.de/zetem/cms/detail.php?id=4381
http://www.uni-bremen.de

L e O Camtest
Interior Point Method

m Apply Newton’'s method

Q AT o0 Ax Qx+c+ATy —z
A 0 olay|=- Ax — b
Z 0 X Az ZXe — e
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L e O Camtest
Interior Point Method

m Apply Newton’'s method

Q AT o0 Ax Qx+c+ATy —z
A 0 O Ay | =— Ax — b
Z 0 X Az ZXe — e

m Take maximum stepsize « € (0, 1] such that new iterates

xT =x4+alAx>0and zF :=z+alAz>0
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L e O Camtest
Interior Point Method

m Apply Newton’'s method

Q AT o0 Ax Qx+c+ATy —z
A 0 O Ay | =— Ax — b
Z 0 X Az ZXe — e

m Take maximum stepsize « € (0, 1] such that new iterates
xT:=x+alAx>0and z" :=z+alAz >0

m Keep iterates somewhat close to center, x;z; ~ p
m Let ;o — O progressively throughout iterations
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L e O Camtest
Interior Point Method

m Apply Newton’'s method

Q AT o0 Ax Qx+c+ATy —z
A 0 O Ay | =— Ax — b
Z 0 X Az ZXe — e

m Take maximum stepsize « € (0, 1] such that new iterates
xT:=x+alAx>0and z" :=z+alAz >0

m Keep iterates somewhat close to center, x;z; ~ p
m Let ;o — O progressively throughout iterations

» Based on ey = an choose 11 = o picure with o € (0,1)
» Mehrotra’s method provides efficient heuristic choice for o
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Mehrotra Predictor-Corrector

Optimal Control

1 Solve Newton-System for ;1 = 0 » predictor step Apeq
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Mehrotra Predictor-Corrector

Optimal Control
1 Solve Newton-System for ;1 = 0 » predictor step Apeq

2 Calculate average complementarity product of predicted iterates

Lored i= (X + apredAXpred)T(Z + apredAZpred)
pred ‘=

n

2
3 Set reduction factor o := (M)
Mecorr
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OZGptlmlzatlon &
Mehrotra Predictor-Corrector

Optimal Control
1 Solve Newton-System for ;1 = 0 » predictor step Apeq

2 Calculate average complementarity product of predicted iterates

Lored i= (X + apredAXpred)T(Z + apredAZpred)
pred ‘=

n

Hpred 2
Mcorr

3 Set reduction factor o := (
4 Solve Newton-System for 1 = o picurr » corrector step Acorr

5 Combine for final direction

A= Apred + Acorr
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! et O Corgprmns,.,
Added Extensions for new solver WORHP QP

Gondzio's Multiple Centrality Correctors
1 For an aspired stepsize & > apred Calculate intermediary iterates

X =x+ dAXpred and z .=z + &Azpred
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! et O Corgensas,.,
Added Extensions for new solver WORHP QP

Gondzio's Multiple Centrality Correctors
1 For an aspired stepsize & > apred Calculate intermediary iterates

X =x+ dAXpred and z .=z + &Azpred

oo i Xz <yp
2 Calculate target t; ;= %N if X;z; > %u

X;zi  otherwise
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O s,
Added Extensions for new solver WORHP QP

Gondzio's Multiple Centrality Correctors

1 For an aspired stepsize & > apred Calculate intermediary iterates

X =x+ dAXpred and z .=z + &Azpred

oo i Xz <yp
2 Calculate target t; ;= %u if X;z; > %u
X;zi  otherwise

3 Use right hand side — <0,0,XZe — t) to compute corrector
direction Acorr
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! et O Corgensas,.,
Added Extensions for new solver WORHP QP

Weighted Correctors
m Instead of combining A := Apeq + Acorr combine
A= Apred + whAcorr

with a weight w € (0,1) such that allowed stepsize is
maximized.

m Use simple line search to avoid bi-level optimization problem

SQP Approach Solving QPs QP Formulation Results 11/19
@ Universitat Bremen

«Fr « >


http://www.math.uni-bremen.de/zetem
http://www.math.uni-bremen.de/zetem/cms/detail.php?id=4381
http://www.uni-bremen.de

éé ; Center for Industrial OZC
; Optimization &
Mathematics Optimal Control

Quadratic Problem Formulation

WORHP's Subproblem

min  ~dTHMg 4 v, F(x¥) T
deRn 2

s.t. ggx[k]qtdg?

g < g+ vV, g(x¥)d <z
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Quadratic Problem Formulation

WORHP'’s Subproblem QPSOL's Formulation
1
min %dTH[k]d 4V () g min 5XTQX +cTx
s.t. ggx[k]+d§? st. x<x<Xx
g < (M) + Vig(xl) d < g Ax=b
o Cx<d
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Quadratic Problem Formulation

WORHP'’s Subproblem QPSOL’s Formulation
in TdTHIK o n LToxa T
min §d HYd 4+ V, f(xt") d min - 5x Qx+c'x
s.t. x<xMKid<x st. x<x<X
g < (M) + Vig(xl) d < g Ax=b
- Cx<d

» Formulation limitations require WORHP to:
m Split ng(x[k])T into A and C
m Need to duplicate constraints with g. > —o0 and g; < o0
m Create extra row in A for all fixed variables x; = X;
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Quadratic Problem Formulation

O ‘ Optimization &

Optimal Control

Reworked Solver WORHP QP

m No reordering into equality and inequality constraints needed

m Fixed variables are eliminated from the problem

m Constraints with both sided bounds are handled internally
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L e O Camtest
Handling both sided constraints

L(x,z,z) = %XTQX +c"™x+2z"(b—Ax)+z"(Ax — b)

» Introduce slack variables —b <s < b
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L e O Camtest
Handling both sided constraints

L(x,z,z) = %XTQX +c"™x+2z"(b—Ax)+z"(Ax — b)

» Introduce slack variables —b <s < b

Optimality Conditions

@x+c—A'z4+A'Z=0

Ax —s=0

Z(s—b)=0

Z(b-s)=0
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L e O Camtest
Handling both sided constraints

L(x,z,z) = %XTQX +c"™x+2z"(b—Ax)+z"(Ax — b)

» Introduce slack variables —b <s < b

Optimality Conditions

zg:=Z—2zand z; .= ==
Qx+c—A'z+A'Zz=0 Rx+c+Azy;=0
Ax —s=0 Ax —s =
Z(s—b)=0 (Za—Z24/2)(s —b) =
7(5 ):0 (Za+Zd/2)(E—s):0
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L e O Camtest
Handling both sided constraints

Newton's method + simplifications yield

(j -(37Z+ s—lz)‘1> <AAsz> -

with

Az =S5 (—r—ZAs)
— -1 _ =
Az =5 (-7+ZAs).
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Numerical Results

CUTEst Test Set

m Collection of continous optimization problems
m Version from May 8, 2018: In total 1305 problems

» Run WORHP using QPSOL and WORHP QP
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Numerical Results

CUTEst Test Set

m Collection of continous optimization problems
m Version from May 8, 2018: In total 1305 problems

» Run WORHP using QPSOL and WORHP QP

Used QP solver optimal acceptable unsuccessful

WORHP QP 1039 61 205
QPSOL 971 96 238
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Performance Profiles

Iterations

CPU Time

% of problems

——  WORHP QP
— QPSOL
40+ virtual best/worst | | 40| 1

Il
0 05 1 15 2 25 3 35 4 45 5 0 1 2 3
log,(7)
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Performance Profiles (only equal minima)

CPU Time
80 T T

Iterations
80 T T T

% of problems

60
5L
® —  WORHP QP
—_ QPSOL
401 virtual best/worst | | 40 |- il

Il
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 0 1 2 3 4
logy()
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Conclusion

m Implemented a reworked QP solver for WORHP

m Additional algorithmic features like Gondzio's multiple
centrality correctors and weighted correctors

m Improved QP formulation for a cleaner interface between NLP
and QP layer

m Greatly simplified handling of sensitivity derivatives

m Numerical results show significant improvements using the new
solver
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Conclusion

m Implemented a reworked QP solver for WORHP

m Additional algorithmic features like Gondzio's multiple
centrality correctors and weighted correctors

m Improved QP formulation for a cleaner interface between NLP
and QP layer

m Greatly simplified handling of sensitivity derivatives

m Numerical results show significant improvements using the new
solver

» Code, stability and performance improvements for WORHP
» More versatile standalone QP solver as well
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