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Background: Preliminary design

Simplified models that comprise the bulk of the dynamics
Gravitational potential: long-period oscillations > short-p.
— use just the few more relevant zonals in the initial steps

Long-term evolution: remove the higher freq. of the motion
to speed the process of mission design

Moon: lumpy potential, design of low altitude lunar orbits
needs to deal with tens of zonal harmonics

— analytical approach: handle huge expressions formally
— compact recursions in the literature (averaged flow)
Correct computation of iicc: mean <— osculating needed
— crucial for the design of unstable orbital configurations
— case of science orbits under 3-body perturbations
Need to improve existing formulas in the literature



Outline

Recall Kaula's formulation of the zonal potential

Orbit evolution: mean elements. Need mean <i> osculating
— T periodic corr. derived from a generating function
New T' based on Kaula formulas

— performance clearly surpass existing proposals

Analytical design of low lunar orbits

— compact and efficient with Kaula & Kaula-type formulas
— global diagrams of frozen orbits

— local eccentricity vector diagrams

Conclusions



The Zonal potential

e Keplerian term —pu/r plus the disturbing potential
U= —(p/r) 3 nso(Ra/r)"CnoPro(sin ¢)

— i, Rg, Cp, o model parameters, r, A, ¢ spherical coordinates
— axial symmetry: U =U(r, —, ®)

e Kaula style: formulate U/ in orbital elements (a,e, I,Q2,w, M)
— true anomaly f = f(M,e) instead of the mean one
—r=p/(1+ecosf), p=an? n=(1-e)l/?

o Thus, U= —(,u/a)(a/r)znZDQV(a e, I, — w, M) With

v= c@olszmz( H)ek costf cosl(i — 2)(f +w) — i

aZ

— m; = (i mod 2)7 is the parity correction
— F;; Kaula inclination functions (recursions in Iiterattire)



Long-term effects: mean elements

Transformation (a,e, I,2,w, M) AN (a', e/, I', Q' W', M'; €)

— primes: mean elements, ¢ < 1 small parameter

UoT =0 (&/iNUi(d, €, I',—, ', =) + O(emt1)

— Taylor series in mean elements

— short-period effects removed up to the truncation order
T from a generating function W =3 (¢/i)Wits

— finding T' is the non-trivial subject of perturbation theory
1st order:

— U= Uy =2 [Z"UdM,

— Wi =21 [(U-U1)dM, n: mean motion

— closed form integration dM = r?/(a’n)df



e Low order corrections given by different authors

g = 29N
an OM
o = N (8W1_ %)
e—¢e = 5 N
ea<n \ Ow oM
I = _°© oW1y
a?nsn Ow
o_o — _ 1 oWhq
a’nsn OI
, 1 [cowy n?owW;
v _a,2m7<881 e@e)
M—M = %<2aawl+fawl>
a“n da e Oe

e Corrections in non-singular elements are also available
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The long-term (averaged) potential

o U1 = —%Zi22<%>f, average terms coskf cos[(i — 25)(f + w) — 7]
— expand cos[(i — 25)(f + w) — m;], then

cos(i—25)f cos(i —2j—k+20)f
COSkf{sin(i—Qj)f} o 2k2< ){sin(i—Qj—k—l—2l)f}
— free from fif (1 —25—k+21) =0
R’L

o (Vi)y=n = ZOZEJ(SIHI)Qw(e)COS[(z—2])w—71'@]
7=0

— Kaula eccentricity functions
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q
— either =353 when ¢ > 235, or =1 — 3 when 2 < 23



e Performance comparison with alternative formulas
— Kaula, Theory of satellite geodesy, 1966
x ~ quadratic grow with the number of harmonics

time in seconds

— De Saedeleer, Celest. Mech. Dyn. Astron. 91, 2005

x ~ cubic grow with the number of harmonics
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Frozen orbits

Long-term potential free from M and €2
— a, N = .,/pmancosl constant = I = I(e;a,N)
Evolution egs. for e and w, or k = eCOSw and g =esSinw

dk _ 1 [ (10U, _(_au, U, | ec?dU, \ o
dt = na? _n<eaw)cosw ( — M ae _I_ns 88>Slnw]

dg _ 1 [ (1oU, oU, _ U, | ec?dU;
at — U(ea)smw-l-( -5t + )cos }

ns O0s
_ dg __ 10U4
w=Em/2 = a—qzm(zaT)\w—y 0

Constraint eq. for the frozen orbit: % = F (e%—i)‘w:iﬂ =0

_ C;J(&O,G,I,—,w — :l:ga_) =0
— formulas in the literature for any number of zonals
— global diagrams (I,e) of frozen orbits (for a given a = ag)
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e Energy integral E = —u/(2a) + Ui(e,w;a, N)
— eccentricity vector diagrams (k = ecosw,q = eSinw)
— simple contour plots of F in the parameters plane (a, N)
x easily implemented using
e™ cosmw = 3[(k —1q)" + (k +1¢)™]
e sin mw = %[(k —ig)™ — (k+iq)™], with m integer
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Design of low-lunar orbits

e [-e diagram of frozen orbits for different zonal truncations
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e [-e diagram of frozen orbits for different zonal truncations

b-Y (red), K-} (dashed), b-%q (@ray), b-Jqg (blue)
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e [-e diagram of frozen orbits for different zonal truncations

b-Y (red), K-} (dashed), b-%q (@ray), b-Jqg (blue)
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Eccentricity vector diagrams: ~ 125 km altitude
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Conclusions

e Mission design of low lunar orbits need full potential models
— 50 truncation, at least, recommended for science orbits
e Full models are efficiently handled analytically

— Kaula 1960’s expressions much more efficient that new
proposals in the literature

e Long-term dynamics without need of numerical integration
— e vector diag., contour plots of the averaged potential

— (I,e) diag., from the frozen orbit constraint equation
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